Abstract. This paper describes several model structures on the categories of ex-spaces and ex-G-spaces when G is a compact Lie group. Two of these are of particular interest in that they have expected applications to the study of transfer maps and to parametrized spectra. These two structures are shown to coincide on the collection of Hurewicz fibrations, and an indication is also given, mainly via examples, of how they differ. The last two sections of this paper are mostly expository; they set forth the model category techniques needed to prove the main theorems.
Introduction
The purpose of this article is to develop foundational material on the homotopy of ex-spaces for several different applications. While James has pursued some of this foundational material in [3] and a variety of other works, he has avoided the language of Quillen model categories. Since this language is perhaps the closest thing available to a standard language for modern homotopy theory, the current article is intended to address this point. In fact, more than one reasonable notion for homotopy theory of ex-spaces is proposed here, which reflects the existence of different model structures on the category of ex-spaces over a fixed base. An effort is made to discuss the relationship between these structures, especially in Section 6.
Almost all of the model structures presented here arise in a two step process. First, one "lifts" the model structure from the category of pointed spaces several times, using a different adjoint pair each time. (Lifting is a process which exploits an adjoint pair and a known model category in order to build a new model structure.) Then, one produces an "intersection" of these structures, which encodes information common to all of the structures. Conditions on when such an intersection again yields a model structure are given in Proposition 8.7. These conditions are satisfied in all cases of interest here.
Two structures are distinguished. The "coarse" structure is familiar in the sense that weak equivalences are defined as weak equivalences on the total space and similarly, cofibrations and fibrations are also defined by focusing on the total space. The coarse structure is thus well-suited to retaining global information. On the other hand, the "fine" structure involves building cell complexes in a local sense, hence this structure is well-suited to considering local information. The class of weak equivalences in the fine structure is defined in terms of spaces of local sections.
There is an analog of Whitehead's Theorem for the "cell complexes" in each structure. Between such objects, the model theoretic weak equivalences are shown to coincide with the (pointed) fibrewise homotopy equivalences familiar from work of James and others. Also, for Hurewicz fibrations the two notions of weak equivalences are shown to coincide in Theorem 6.5. As a consequence, the homotopy category associated to the coarse structure is essentially a subcategory of that associated to the fine structure.
To some extent, the category of compactly generated, weak Hausdorff spaces has become a standard convenient category of spaces in the language of Steenrod [20] . However, the most naive category of such spaces over a base does not have an exponential law. Two possible solutions are discussed here: restricting to open maps and dropping the weak Hausdorff condition on the total space. The first relies upon work of Lewis in [14] , while the latter depends upon work of Vogt [21] , Booth [1] and Day [4] . The primary focus here is on developing homotopy theory in the context of Lewis' s category of open ex-spaces.
In spirit, this paper is divided into three main parts. The first part, Sections 2 to 6, details the coarse and fine structures, as well as giving a brief synopsis of Lewis's work. Throughout these sections, the reader will find several examples and a minimum of model category technicalities. Section 7 constitutes the second part. Here, the generalizations to the equivariant setting are described. Finally, an introduction to the necessary facts on (topological) model categories is given in the last two sections. Care has been taken throughout the earlier sections to avoid highly technical results or to defer the proofs to this third part of the paper. It is hoped that this will make the results accessible to a broad audience. Those familiar with model categories may find the last two sections of interest for its discussion of the notion of intersecting model structures, or the general approach of Theorem 9.8.
The authors wish to thank L. Gaunce Lewis, Jr. for suggesting the usefulness of this work and for freely sharing his insight throughout its development. Thanks are also due to Wojciech Dorabiala for helpful conversations regarding the possible geometric applications of this material.
Open Ex-Spaces
The category τ of compactly generated, weak Hausdorff topological spaces is intended as the basic category of spaces throughout this article, unless otherwise specified, in order to avoid pathological topologies and to have an exponential law on mapping spaces. A pointed space then refers to such a space together with a chosen basepoint. The most straightforward notion of spaces over a base space B would then be a space X together with a chosen map X → B. Unfortunately, this notion proves to allow pathological behavior which destroys the exponential law as well as damaging the relationship between spaces over B and spaces over A associated to a map B → A. In [14] , Lewis shows that one possible solution is restricting attention to X → B where the map is an open map. This allows one to recover the exponential law and gives three change of base functors associated to any map B → A which form two adjoint pairs. Another possible solution is to drop the weak Hausdorff condition on the total space, as discussed in [1] . This direction is addressed more in Section 4.
In [14] , Lewis also discusses an analog of pointed spaces over a base. This consists of an open map p : X → B together with a choice of section s : B → X, i.e. such that ps = id. The idea is to think of the section as providing a continuous choice of basepoint to the fibres. This is the category of open ex-spaces, where the prefix "ex" is intended to make one think of cross-sections. Lewis shows that the category of open ex-spaces is closed symmetric monoidal under the fibrewise smash product.
Definition 2.1.
1. The category τ B of ex-spaces over B, is the category whose objects are spaces over B, p : X → B together with a choice of section s : B → X of p. Morphisms are defined as maps which make the diagram
. Furthermore, both of the adjoint pairs are topological adjoint pairs.
Proof. The adjunction is clear from the following commutative diagram and the universal properties of pullbacks and pushouts. The statement that the adjoint pairs are topological adjoints may be summarized by saying that the morphism sets in this category come equipped with topologies so that the natural bijection one expects in an adjoint pair is, in fact, a natural homeomorphism. This will be discussed further in Section 9. 
Proposition 3.2 and Remark 3.3 of [14] imply that the functor f * also has a right adjoint in some cases.
Lemma 2.4.
Given an open map f : B → A, there exists a topological adjoint pair (f * : τ A → τ B , f * : τ B → τ A ) (with f * the left adjoint). Furthermore this adjoint pair determines a topological pair (f
Returning to the example A = * discussed above, the right adjoint f * : O * (B) → τ * associated to f : B → * sends B s → X p → B to the space Sec B (X) of global sections. That is, Sec B (X) is the subspace of τ (B, X) consisting of those s : B → X such that ps = id, given the section s associated to X as an object of O * (B) for a basepoint.
Coarse Homotopy of Ex-Spaces
The most natural place to begin in defining a model structure on the category τ B of ex-spaces over B or the category τ/B of spaces over B is to simply forget the role of B. The category τ/B is equipped with a model category structure (see [10] ) where a morphism
is a weak equivalence precisely when f is a weak equivalence of total spaces, and similarly for cofibrations and fibrations. The analogous structure on τ B is called the coarse structure. This model structure is cofibrantly generated, which is an important notion throughout this article. Briefly, cofibrantly generated model categories are equipped with a notion of cell complex which allows one to produce, by a systematic method, the factorizations required in a model category. This is important if one is interested in producing similar model structures on more complex categories such as ex-spectra. Furthermore, the coarse structure is (left) proper, which allows one to apply localization techniques (see [9] ) to produce a stable model structure on the category of ex-orthogonal-spectra (see [17] ).
Proposition 3.1. The category τ B supports a cofibrantly generated, proper, topological model category structure with the weak eqivalences (cofibrations or fibrations) defined as maps in τ B which are weak homotopy equivalences (cofibrations or Serre fibrations) of total spaces in τ . B with any choice of map I n+1 → B and the identity on B. Notice that the form of the generating cells implies that cofibrant objects in the coarse structure are essentially cell complexes (or retracts thereof).
Example 3.2. Construct an ex-space X(n) over the classifying space BU (n) of the nth unitary group as follows. The canonical bundle EU (n) → BU (n) is clearly an open map. One logical way to produce an associated element of O * (BU (n)) is by applying the fibrewise one-point compactification functor discussed in [3] to this canonical bundle. Clearly, this yields a sphere bundle X(n) → BU (n) with section (consisting of the points at infinity). However, considering the map f : BU (n) → * , the pointed space f ! (X(n)) should be more familiar as the Thom space of the canonical bundle.
Thus, Thom spaces provide a rich source of familiar examples of the change of base functors. It should also be emphasized that fibrewise operations arise in a variety of geometric settings, which should be accessible using the techniques developed here.
There are several valuable technical properties of the coarse structure, discussed in the following few lemmas. Possibly the most useful property of the coarse structure is left properness, which is important in the theory of localizing model categories. (See [9] .) The first result below is a standard fact concerning proper model structures (see [10] ).
In order to state the next result properly, some terminology must be introduced. Roughly speaking, an adjoint pair between model categories which descends to an adjoint pair on the associated homotopy categories is a Quillen pair. A Quillen equivalence refers to a Quillen pair where the induced adjoint pair on the associated homotopy categories is an equivalence of categories. (See [6] or [10] for formal definitions.) Lemma 3.3. Given a map f : B → A, the adjoint pair (f ! , f * ) forms a topological Quillen pair between τ B and τ A equipped with the coarse structures. Furthermore, if f is a weak equivalence then the pair is a topological Quillen equivalence.
Proof. By Lemma 8.10, it suffices to notice that f ! sends S Proof. The point here is that the standard notion of pointed fibre homotopy and the model theoretic notion of homotopy coincide under these hypotheses. First, because the objects in question are both cofibrant and fibrant, weak equivalences are precisely the homotopy equivalences in the model category sense. Recall that a homotopy between two maps X → Y in a model category is defined as an extension of the two maps to a so-called cylinder object. A cylinder object is a choice of factorization of the fold map X X → X as a cofibration followed by a weak equivalence. The claim follows upon establishing that X X → X ∧ B (I + × B) → X yields such a factorization. This is the content of Lemma 9.5 in the current context.
The following is a standard consequence of the existence of a long exact sequence in homotopy for a fibration. 
Generalization to k-spaces
As mentioned before, there are two ways to construct a convenient category of ex-spaces. The first approach, using the category of open ex-spaces from [14] , has already been discussed. Following earlier work of [21] , an alternative approach of relaxing the weak Hausdorff condition on the total space (while still only considering bases B ∈ τ ) is provided by [1] and [4] . Let K be the category of (not necessarily weak Hausdorff) k-spaces and let B ∈ τ ⊂ K. Then by results of [1] and [4] the category K B of elements of K over and under B is a closed symmetric monoidal category under the fibrewise smash product.
As one expects, the category K B carries the coarse structure, with one possibly surprising property. The cellular replacements one builds in this structure will naturally have weak Hausdorff total spaces. This follows from the fact that all of the "generating cells" have weak Hausdorff total spaces, while the process of building cell complexes preserves this property. Thus, by considering cellular replacements one may recover the assumption of a weak Hausdorff total space for any homotopy invariant construction. (Compare with a similar statement in the proof of Proposition 5.8.)
Proposition 4.1. The category K B supports a cofibrantly generated, proper, topological model category structure with the weak eqivalences (cofibrations or fibrations) defined as maps in K B which are weak homotopy equivalences (cofibrations or Serre fibrations) of total spaces in K.
It is important to remember that colimits in K are formed as colimits in the category of all topological spaces. In particular, one can verify directly that the pushout in K of a disjoint union of closed embeddings is again a closed embedding. Hence, the small object arguments in these situations rely on the following lemma, since relative cell complexes are colimits of the specified type.
Lemma 4.2. Let X ω = colim i X i where the maps X i → X i+1 are closed embeddings and where
Notice here that X 0 is not assumed to be T 1 .
Fine Homotopy of Ex-Spaces
For certain applications, the coarse structure on τ B may prove sufficient; however, there is no reason to expect the coarse structure to induce a similar structure on O * (B). This is a serious issue because τ B is not a convenient category under the fibrewise smash product. Section 4 outlined one solution to this problem by relaxing the weak Hausdorff condition on the total space. The solution proposed in this section is to build a different model structure, the fine structure, on τ B which is more closely related to the local nature of the base space. The fine structure descends to O * (B) quite readily, thereby producing a convenient category of ex-spaces in which to study homotopy-theoretic questions. As mentioned in the introduction, there is a notion of cell complex which yields a Whitehead Theorem comparing weak equivalences in the fine structure to (pointed) fibrewise homotopy equivalences.
In order to build a model structure which would reflect the local nature of B, Lewis suggested that the authors consider constructing a model structure with weak equivalences defined in terms of "local spheres" -objects (S n × U ) B in τ B for open sets U . One defines the homotopy groups associated to n and U in terms of these objects. This leads to the fine structure (see Definition 5.3), where cell complexes are built using the inclusion of local spheres into similarly defined local disks.
From an aesthetic point of view, the fine structure arises from "lifting" the model structure from τ * over a collection of adjoint pairs (see Theorem 9.8). The obvious method of making a pointed space into an ex-space is to simply apply the functor ? × B. However, (?) + × B and the forgetful functor from τ B to τ are not an adjoint pair. In fact, the forgetful functor has no left adjoint, which implies that the coarse structure is not simply lifted over an adjoint pair in the usual fashion. This does not present a problem; however, it suggests lifting using ? × B and its right adjoint. As mentioned previously, the right adjoint in question is simply the space of global sections. The following simple example suggests global sections are far from adequate. Upon reflection, it seems that global sections are also insufficient to consider the local nature of the base. However, taken as a collection, the spaces of local sections over various open sets carry far more information.
Remark 5.2. There is a topological sheaf of sections functor whose target is logically given a model structure where fibrations and weak equivalences are defined entrywise as in [12] . This suggests defining weak equivalences as those maps which induce weak equivalences in each space of local sections.
There is a strong analogy between the category τ B and the category of G-spaces for G a compact Lie group, mainly via the Borel construction. Thus, one looks to the equivariant case for suggestions of how to construct the fine structure. Recall, there are two standard notions of homotopy of G-spaces for G a compact Lie group. The simpler of the two is similar to the coarse structure defined in the last section, where the three classes are essentially defined by forgetting the G-action. The second structure, which reflects far more of the equivariant theory, involves looking at homotopy groups associated to H and n for any closed subgroup H. In that case, π H n (X) may be defined in terms of S n + ∧ G/H + , or equivalently, as the standard homotopy groups of the H fixed-point space π n (X H ). In order to imitate the equivariant setting, it is important to identify the analog of the fixed-point space functors associated to any closed subgroup H ⊂ G. This role is played by the space of local sections functor, Sec U (?), associated to an open subspace U ⊂ B.
Theorem 5.3. Let U denote a set of open subspaces of B. Then τ B forms a cofibrantly generated, right proper, topological model category where a weak equivalence (fibration) is defined as a morphism f in τ B such that Sec U (f ) is a weak homotopy equivalence (Serre fibration) in τ * for each U ∈ U.
Proof. This follows from Theorem 9.8 using the adjoint pairs {(i ! (? × U ), Sec U (?))} for the inclusion i : U → B of an element U of U. By Lemma 9.10 (with G=e) τ B is a topological category to which Theorem 9.8 applies.
Definition 5.4. The fine structure is the model structure given by the theorem when U is taken to be the collection of all open subspaces of B. More generally, the model structure given by the theorem for an arbitrary collection U of open subspaces is called the U-structure.
As suggested above, the generating cells in the U-structure are of the form
where U ∈ U. The sections are given by the obvious inclusion of B, while the projections are given by projection onto the U factor in each product, followed by the inclusion of U into B. Lewis [14] has shown projections are open maps (even in the compactly generated product, which must be used here). Thus, each of the generating cells in τ B actually lives in O * (B). Recall from [14] that there is a right
Hence, by Lemma 8.8, the following is a consequence of the theorem.
Corollary 5.5. Let U denote a set of open subspaces of B. Then O * (B) forms a cofibrantly generated, right proper, topological model category where a weak equivalence (fibration) is defined as a morphism f in τ B such that Sec U (f ) is a weak homotopy equivalence (Serre fibration) in τ * for each U ∈ U.
Remark 5.6. It remains unclear whether the U-structure is left proper on either τ B or O * (B). It is hoped that this and several other technical questions will be addressed in a later paper.
Example 5.7. Let B = I and let X denote I × I equipped with the inclusion of the base I × {0} as section and the vertical projection map so that X ∈ O * (B). This X is contractible as well as fibrewise contractible, cofibrant and fibrant in both the coarse and fine structures. However, various subobjects of X are far more complicated. Let Y denote the subobject I × {0, 1} {1} × I of X, which consists of three sides of the square. Give Y the section I → I ×{1} so Y ∈ τ B . Then fibres over any point other than 1 are S 0 , while the fibre at 1 is I. Notice that Y is not in O * (B) since any open subinterval of the fibre at 1 is not sent to an open set. The total space of Y is contractible, but Y is not fibrewise contractible. The right adjoint O applied to Y is the subobject I × {0, 1}, which is cofibrant in any U-structure where B is contained in U. In fact, I × {0, 1} acts as a cofibrant replacement for Y in any such structure, as shown in the proof of the next result.
Due to the destructive nature of O, the following is a pleasant surprise. To see this, consider a cofibrant replacement in the U-structure on τ B W → Y . It is built from the generating cells using the small object argument. Since the generating cells live in O * (B), which is closed under all colimits, this implies W ∈ O * (B) as well. As a right Quillen functor, O preserves acyclic fibrations, so that
, (hence also in τ B ). The claim follows from noticing that the top horizontal map in the following diagram is an isomorphism since W is in O * (B).
In particular, the proposition implies that the homotopy theory of O * (B) is equivalent to that of τ B in any U-structure.
As with the coarse structure, one has a variety of useful technical consequences. The most obvious of these is that all objects in any U-structure are fibrant. It is also convenient to know that the change of base functors associated to a map f : B → A induces adjoint pairs of associated homotopy categories under certain conditions. Proof. In each case, Lemma 8.10 reduces the problem to verifying that the left adjoint applied to a generating cell is a cofibration and similarly for generating acyclic cells. Recall that generating cells for fine structures on O * (B) or τ B are of the form
1. First, the open condition is required to see that the adjoint f * exists by [14] . 
Equip Z with the vertical projection and a choice of section "below the hole". Then Z lies in O * (B) and is cofibrant (as well as fibrant) in the fine structure. This follows from the way Z is built as a cell complex. Begin with zero-cells over [0, The most important fact about Z is that it is not weakly equivalent in the fine structure to any object of the form M × B with M ∈ τ * . To see this, notice that over the interval ( 
This example implies that the homotopy category of the fine structure on O * (B) (or τ B ) is not equivalent to the usual homotopy category of τ * via either the adjoint pair (f * , f * ) or (f ! , f * ) for f : I → * . However, f is a homotopy equivalence between cofibrant-fibrant spaces, whose fibre(s) are CW complex(es). Hence, the fine structure on O * (B) depends on deeper information than the homotopy type of B. Precisely what information is involved is currently under investigation.
Another important technical fact is the following analog of Whitehead's Theorem.
Proposition 5.11. Suppose X and Y are cofibrant objects in any U-structure on τ B (or O * (B)). Then f : X → Y is a U-weak equivalence if and only if f is a pointed fibre homotopy equivalence.
The proof is the same as that for Proposition 3.4 and relies upon the topological nature of the model category structure, in order to apply Lemma 9.5.
The reader may have been expecting U to be an open cover of B for the proposition to hold. However, this is not necessary, primarily because any cofibrant object in the U-structure on τ B (or O * (B)) will be trivial away from the portion of B covered by U.
Comparison of Structures
The following result establishes a valuable local to global principle for the fine structure. The theorem (in a different language) is originally due to Dold in [5] . Proof. In the special case of the open inclusion i : U → B, Lemma 5.9 implies that the restriction functor i * is both a left and right Quillen functor. In particular, i * preserves weak equivalences and cofibrant objects. Thus, forming a cofibrant
one has that i * (g) is a cofibrant replacement of i * (f ) as well. In other words, one need only consider the case where both X and Y are cofibrant in O * (B) (or τ B ) .
Since X and Y cofibrant implies that i * (X) and i * (Y ) are both cofibrant and fibrant, this reduces to considering pointed fibre homotopy equivalences by applying Proposition 5.11 to the fine structure on O * (B) (or τ B ) and O * (U ) (or τ U ). However, this case is well-known; for example as Theorem 14.1 in [3] or Theorem 1.5 in [16] .
Remark 6.2. Notice that the theorem does not say that f is a fine weak equivalence if Sec U (f ) is an ordinary weak homotopy equivalence for each U ∈ U, as evidenced by the example below. Rather, by definition of the fine structure on O * (U ) (or τ U ), one must consider Sec V (f ) for any open subspace V ⊂ B satisfying V ⊂ U for some U ∈ U.
Example 6.3. Consider the numerable open cover of S 1 consisting of S 1 alone, together with the constant function at 1. Then Sec B (f ) is not sufficient to determine whether f is a weak equivalence in the fine structure. Consider the object W ∈ O * (S 1 ) from Example 5.1 and let Y ∈ O * (S 1 ) be the same space where the projection map is taken to be the four-fold covering map on the first circle and the identity on the second circle. Then there is a map f : Y → W in O * (S 1 ) which is a two-fold cover on the first circle and the identity on the second ("basepoint") circle. Notice that the map Sec S 1 (f ) is the identity map on the basepoint (see 5.1), hence is a weak equivalence in τ * . To see that f is not a fine weak equivalence, take V ⊂ S 1 to be a quarter circle. Then Sec V (Y ) consists of four points, while Sec V (W ) consists of two points. Alternatively, to see that f is not a fine weak equivalence, recall that fundamental group computations imply f is not a coarse weak equivalence and apply Theorem 6.5 below. Proof. Since S(U) is contained in the collection of all open subspaces of B, it should be clear that the property of being a fibration in the S(U)-structure is less restrictive than that of being a fine fibration. Notice that the theorem implies that the two structures have the same class of weak equivalences, so the result follows from Lemma 8.9.
Notice the corollary implies all S(U)-structures for numerable open covers U produce equivalent homotopy theories, by transitivity of Quillen equivalences. However, the classes of fibrations need not coincide for different numerable covers, so the structures themselves may differ.
The next goal is to derive some comparison between the coarse and fine structures. Unfortunately, there is (as yet) no direct way to compare the two structures. One would like to compare each of them to their intersection, however it is not clear that their intersection exists.
The following result, due to Lewis, implies that the coarse and fine structures essentially agree for Hurewicz fibrations. Thus, any discussion of transfers or other geometric operations familiar for Hurewicz fibrations may be studied with either model structure.
Recall that a CW complex is locally finite provided each open cell intersects only finitely many closed cells. Proof. By Lemma 3.5, it suffices to verify that f is a fine weak equivalence precisely when f induces a weak homotopy equivalence on each fibre. Since B is locally contractible (Theorem 
The paracompactness of B (Theorem 1.3.5 of [7] ) yields a numerable open cover U of B which refines W, in the sense that each U ∈ U is contained in some W ∈ W. Suppose f is a fine weak equivalence and choose an element U ∈ U such that b ∈ U . By the local contractibility of B, there exists a contractible open V ⊂ U (hence V ⊂ W for some W ∈ W) with b ∈ V . Then a contracting homotopy of V produces a natural homotopy equivalence map(V, F b ) → F b . Thus, Sec V (f ) a weak homotopy equivalence implies that f b : F b → F b is a weak homotopy equivalence as well. Now suppose f b : F b → F b is a weak homotopy equivalence for each b ∈ B and V ∈ S(U). By Dold's Theorem (6.1), it suffices to show Sec V (f ) is a weak homotopy equivalence. However, V ∈ S(U) implies V ⊂ W for some W ∈ W once again. Thus, Sec V (f ) is homotopy equivalent to map(V, F b ) → map(V, F b ) as above. Hence, it suffices to verify that V has the homotopy type of a CW complex.
The combination of Theorem 11.4 and the remarks preceding Theorem 10.4 in [11] imply that B is a (metric) ANR (Absolute Neighborhood Retract) provided B is metrizable, which is equivalent to the local finiteness condition by Proposition 1.5.17 in [7] . Now Proposition A.6.4 of [7] then implies that V is also a (metric) ANR, hence has the homotopy type of a CW complex by Theorem 5.2.1 of [7] . Remark 6.6. Notice, the proof above implies that any open subspace of a locally finite CW complex has the homotopy type of a CW complex.
Consider an object X ∈ τ B . Construct a new object N (X) ∈ τ B whose total space is given by the following pullback diagram.
The composition of the induced map N (X) → P B followed by the evaluation at the other end of the interval ev 1 : P B → B gives a map N (X) → B and the universal property of a pullback gives a section map. Thus, N (X) ∈ τ B . It is well known that the composite N (X) → B is, in fact, an Hurewicz fibration and that X includes as a strong deformation retract of N (X). Thus, X is weakly equivalent to N (X) in the coarse structure with p : N (X) → B an Hurewicz fibration. By the functoriality of N (?), X → Y is a coarse weak equivalence precisely when N (X) → N (Y ) is a coarse weak equivalence. Using Theorem 6.5, this implies X → Y is a coarse weak equivalence if and only if N (X) → N (Y ) is a fine weak equivalence. Hence, N (?) induces a functor from the homotopy category associated to the coarse structure into the homotopy category associated to the fine structure whose target is within the class of Hurewicz fibrations.
Ex-G-Spaces
As one might expect, the results of Sections 3, 4, and 5 generalize to equivariant settings. This section gives a brief discussion of the model structures on ex-Gspaces. Throughout, G is taken to be a compact Lie group, and B is taken to be a G-space. Let Gτ denote the category where the objects are G-spaces and the maps are G-maps.
Definition 7.1. An ex-G-space is a G-space X together with G-maps s : B → X and p : X → B such that ps = id. The category Gτ B is the category whose objects are ex-G-spaces and whose morphisms are G-maps which make the diagram in Definition 2.1 commute in the category Gτ .
Recall that the coarse structure is defined by forgetting about the base space. Thus, a coarse structure on Gτ B relies on a model structure on the category of G-spaces. Such a structure exists by an unpointed version of Theorem 9.8. A proof of the pointed version of this theorem can also be found in [15] . Theorem 7.2. There is a cofibrantly generated model structure on Gτ where a morphism f is a weak equivalence (fibration) precisely when the H fixed point map f H is a weak homotopy equivalence (Serre fibration) for each closed subgroup H ⊂ G.
In fact, there is another model structure on Gτ where one simply ignores the G-action in defining weak equivalences and fibrations, but this structure on Gτ is not of interest here.
As suggested by the theorem, a map f : X → Y in the coarse structure on Gτ B is a weak equivalence (fibration) if the H fixed point map f H : X H → Y H is a weak homotopy equivalence (Serre fibration) for each closed subgroup H ⊂ G.
The existence of the coarse structure on GK B , the equivariant version of K B , depends upon being able to apply Lemma 4.2 in order to show that the generating cells are small with respect to relative cell complexes in this context (see Definition 8.1). The generating cells are all of the form (S n × G/H) B → (D n+1 × G/H) B which are closed embeddings. Hence, the map on total spaces of any relative cell complex is also a closed embedding as in Section 4. Since each of the maps in the relevant string will be an injection as well as a G-map, a factorization in K will also be a factorization in GK B .
In [17] , May constructs a stable version of the coarse structure on GK B and verifies that it satisfies a version of Spanier-Whitehead duality. A similar discussion based on the fine structure is currently under investigation.
Turning attention to a fine structure on Gτ B , recall that the fine structure on τ B relied upon lifting the structure from τ * over the adjoint pairs (i ! (? × U ), Sec U (?)). From an equivariant point of view, one expects to consider the closed subgroups of G in addition to the open subspaces U of B. However, an open subspace U ⊂ B does not acquire an H-action by restriction, unless the subspace is assumed to be H-invariant, i.e. hb ∈ U for each b ∈ U , h ∈ H.
Given a closed subgroup H ⊂ G and an H-invariant open subspace U ⊂ B, let Sec (H,U) (X) denote the space of H-equivariant sections of X; that is, the H-maps s : U → X such that ps = i : U → B. Notice that H acts by conjugation on the space map(U, X) of all maps (and also on map(U, U )), hence on the ordinary space of sections Sec U (X). As expected, the ordinary section maps which are also H-maps are the H fixed-points under this conjugation action. In fact, the functor X → Sec (H,U) (X) from Gτ B to τ * has a left adjoint, given by the formula Lifting over each of the adjoint pairs associated to admissible pairs (H, U ) and intersecting these lifted structures yields the following. Theorem 7.4. There exists a cofibrantly generated, right proper, topological model structure on Gτ B (or GO * (B)) where a map f is a weak equivalence (fibration) if and only if Sec (H,U) (f ) is a weak homotopy equivalence (Serre fibration) for each admissible pair (H, U ).
Proof. Using the set {(i ! ((?∧G/H + )×U ), Sec (H,U) (?))|(H, U ) is an admissible pair}, Theorem 9.8 establishes the result. That Theorem 9.8 itself applies follows from Lemma 9.10.
Lifting Model Category Structures
This section is devoted to a technique of building new model categories out of old, commonly called "lifting". Much of the material in this section is standard and included only for the convenience of the non-specialist. However, the definition of intersecting and Proposition 8.7 (due to the second author) represents a new twist on the standard lifting lemma. The reader is directed to [6] , [8] , [10] or Quillen's original work [18] for any details which are omitted in these last two sections.
The underlying idea of lifting model structures is quite simple. Suppose one is given a model category C, another category D, and an adjoint pair (L, R) with L : C → D the left adjoint. One can attempt to define a model structure on D by defining a morphism f in D to be a weak equivalence (fibration) precisely when R(f ) is a weak equivalence (fibration). It is then necessary to define a cofibration in D as an appropriate type of relative cell complex (or a retract thereof), where the generating cells are taken to be the morphisms of the form L(j) with j a generating cell in C. Recall that in any model structure, the class of cofibrations must coincide with the class of morphisms having the LLP (left lifting property) with respect to all acyclic fibrations, i.e. fibrations which are also weak equivalences. In some sense, Lemma 8.4 below implies that lifting succeeds precisely when these two classes of morphisms coincide.
Of course, one must then verify Quillen's five axioms. However, there are actually only two key facts that need to be verified in most cases. General arguments are given for each of these in topological situations. (See the proof of Theorem 9.8 below.)
By far the most technically difficult portion of these arguments is devoted to constructing the factorizations required of a model structure. To this end, one normally introduces a notion of cell complex which is formalized as a cofibrantly generated model structure. In order to apply Quillen's small object argument, the "boundaries" of the basic (or "generating") cells must be small in a technical sense defined below.
Definition 8.1. Suppose K is a set of morphisms in C.
A relative K-cell complex is the colimit of a (possibly transfinite) sequence
with each k α ∈ K. 2. The sources of K are K-small if for each source C α of a morphism in K, there exists a cardinal κ α such that for any relative K-cell complex X δ with δ ≥ κ α any morphism C α → X δ must factor as C α → X σ → X δ for some σ < δ.
This condition of K-smallness proves to be the key to verifying the existence of lifted structures (see the last portion of the proof of Proposition 8.7).
Remark 8.2. In the usual case of topological spaces, the set K consists of the inclusions of S n → D n+1 . Hence, the C α are compact Hausdorff spaces, while the sequence of maps X i → X i+1 is known to consist of closed embeddings (as a relative cell complex in the classical sense). In this case, one may choose each κ α = ω and the sources of K being K-small reduces to the standard fact that any compact Hausdorff space mapping into an infinite union of closed subspaces actually maps into some finite stage.
Two different types of factorizations are required in a model structure. Hence, one needs to consider a similar cell complex construction where the relative complexes are also strings of weak equivalences. This leads to the notion of generating acyclic cells and relative acyclic cell complexes. Of course, the set of generating acyclic cells will also need to satisfy a smallness condition as above. If C is a cofibrantly generated model category, let I denote the class of generating cells while J denotes the class of generating acyclic cells. Then define L(I) = {L(i) : i ∈ I} and L(J) = {L(j) : j ∈ J}.
The following result describes when lifting proceeds to define a model structure on D. As one might expect from the discussion above, the requirements are quite technical. However, there is a general approach to verifying these conditions which is presented in the next section. This argument has become standard. See [6] , [8] , [10] , or [18] . It is generalized in the proof of Proposition 8.7 below, hence is omitted now.
As the reader has noticed by now, one may want to deal with more than a single adjoint pair in a similar argument. This can be technically difficult, but is made more manageable in most cases by the notion of intersecting model category structures introduced below. The intersection of structures is so-named because the class of weak equivalences in the intersection structure, or intersection weak equivalences, is precisely the intersection of the classes of weak equivalences associated to the structures being intersected. Similarly, the class of intersection fibrations is aptly named.
Recall that the class of cofibrations in any model structure may be identified as those morphisms satisfying the LLP with respect to all acyclic fibrations. Thus, the union of the various classes of cofibrations will be contained in the class of intersection cofibrations. Hence, it is reasonable to use the union K of the classes of generating cells (or the union L of the classes of generating acyclic cells) to build factorizations for the intersection structure. This leads one to define cofibrations as relative K-cell complexes (or retracts thereof) by analogy with the lifting situation discussed previously. Once again, in order to have a model structure, this definition must coincide with the definition of cofibrations via the LLP with respect to acyclic fibrations.
Proposition 8.7. Given a set of cofibrantly generated model structures on D, their intersection forms a cofibrantly generated model category structure provided they are relatively small and any morphism satisfying the LLP with respect to all intersection fibrations is an intersection weak equivalence.
Proof. The axioms (see Definition 3.3 of [6] ) may be verified directly:
1. The existence of limits and colimits is independent of what structure we choose to impose. 2. The 2 of 3 property for weak equivalences follows from that of each structure together with the intersection definition. 3. The class of cofibrations is defined as retracts of relative K-cell complexes, hence is closed under retracts. Again, the definition and the same property for fibrations and weak equivalences in each structure implies that they are closed under retracts as well.
Let
be a commutative square. If i is a retract of a relative K-cell complex and p is an intersection acyclic fibration, then one must verify the existence of a lift. Consider first the case that i : A → B is a generating cofibration. Then in at least one of the model category structures, i has the LLP with respect to acyclic fibrations. So i has the LLP with respect to all intersection acyclic fibrations by definition of intersection fibration and intersection weak equivalence. In building an arbitrary cofibration from generating cofibrations, the only operations used are pushouts (cobase change), coproducts, transfinite composition and retracts. Each of these preserves the LLP with respect to a class of morphisms, so the case of an arbitrary i follows. Dually, assume that i is both an intersection weak equivalence and a retract of a relative K-cell complex while p is an intersection fibration in the diagram above. It is shown below in (5) (independently) that i can be factored as a relative L-cell complex A → W followed by an intersection fibration W → B. Notice that the building argument just discussed implies that any relative L-cell complex has the LLP with respect to all intersection fibrations, hence it is an intersection weak equivalence by assumption. Rewriting the above diagram as 
makes it clear that the 2 out of 3 property discussed above forces W → B to be an intersection acyclic fibration. Now, the argument just completed implies that there is a lift B → W . Finally, since A → W is a relative L-cell complex it has the LLP with respect to all intersection fibrations. Composing two such lifts yields the desired lift B → X in the original diagram. 5. Suppose f : X → Y is a morphism in D. Construct a relative K-cell complex X = X 0 → X γ as follows. For limit ordinals δ < γ, define X δ = colim σ<δ X σ . For successor ordinals define X δ+1 to be the pushout in the diagram
where the coproducts are indexed over the set of commutative squares of the form
Now choose an upper bound ρ for the set of {κ α } associated to the various C α . This is possible since there is only a set to consider. By the universal properties of colimits and pushouts, there is then a factorization of f as X → X ρ → Y with X → X ρ a relative K-cell complex. It remains to verify that the morphism X ρ → Y is, in fact, an intersection acyclic fibration. Since each of the original model structures was assumed to be cofibrantly generated, it suffices to verify that X ρ → Y has the RLP (right lifting property) with respect to each morphism in K. Consider any lifting square
and notice the top horizontal map must factor through some earlier stage X σ since ρ > κ α . However, the square
then commutes by assumption, which implies that it is one of the squares used to build X σ+1 from X σ . Thus, D α → X σ+1 → X ρ provides the desired lift.
The other factorization of f is produced similarly, using L in place of K, with one additional difficulty. (Notice, this requires the second condition for relatively small structures.) One must verify that the relative L-cell complex produced is actually an intersection weak equivalence. Once again, the building argument above implies that the relative L-cell complex has the LLP with respect to all intersection fibrations. However, any morphism with the LLP with respect to all intersection fibrations is assumed to be an intersection weak equivalence, which completes the claim.
The hypotheses of this proposition include a smallness condition and a lifting condition. Section 9 verifies that in certain topological situations, including all of the situations arising in this paper, the hypotheses are satisfied.
Before considering topological situations, three lemmas regarding Quillen pairs and Quillen equivalences are recorded.
Lemma 8.8. Suppose ι : E → D is the inclusion of a subcategory such that there exists a right adjoint R for ι. If D supports a cofibrantly generated model structure whose generating cells live in E, then E is also a cofibrantly generated model category with the three classes of maps inherited by inclusion.
Proof. The key observation here is that the inclusion ι : E → D being a left adjoint implies that E is closed under colimits taken in D. Hence, all factorizations built using the small object argument again live in E. Also, whatever type of limits and colimits exist in D exist formally in E as well. The remaining axioms follow directly from those for the existing structure on D.
Recall, this fact was used to deduce that the fine structure exists on O * (B) once it exists on τ B . In particular, the lemma implies that the adjoint pair (ι, R) forms a Quillen pair since the inclusion preserves (and reflects) cofibrations and acyclic cofibrations. 
Topological Model Categories
In this section the discussion of model categories continues, turning attention to topological model categories, where one has straightforward means of verifying the conditions in either Lemma 8.4 or Proposition 8.7. The first portion of this section introduces the technical notion of a topological category and some standard facts concerning a notion of homotopy in such categories. This is followed by several examples detailing situations which have appeared throughout the paper. Finally, the main existence theorem for model category structures is proven.
Informally, a topological model category is a model category which is enriched, tensored and cotensored over τ * in a way which interacts well with the model structure. This is simply Quillen's notion of a simplicial model category with τ * playing the role of simplicial sets.
Both [2] and [13] have excellent general treatments of categories enriched, tensored and cotensored over τ * . In this context, however, only the basics are necessary. A category D is enriched over τ * provided the morphism sets are equipped with topologies and basepoints which make them objects of τ * , such that the composition law becomes a continuous map D(B, C) ∧ D(A, B) → D(A, C). In addition, D is said to be tensored and cotensored over τ * if for each X, Y ∈ D and M ∈ τ * , there exist natural constructions X ⊗ M (called the tensor) and hom(M, Y ) (called the cotensor) together with natural homeomorphisms
By a standard abuse of notation, a topological category is a category D which is enriched, tensored and cotensored over τ * . However, the reader should be careful to notice that a topological model category is more than a topological category equipped with a model structure; there is a restriction on how the two structures interact. The following two special cases give the essential nature of the condition. Suppose j : M → N is a cofibration in τ * and X ∈ C is a fibrant object. Then the precomposition morphism − • j : hom(N, X) → hom(M, X) must be a fibration in C. Dually, suppose M ∈ τ * is cofibrant and f : X → Y is a fibration in C, then the postcomposition morphism f • − : hom(M, X) → hom(M, Y ) must be a fibration in C. 
Here X × M is given projection (x, m) → p(x) and section b → (s(b), * ). This means that the original map X ⊗ M → Y is equivalent to a mapg :
, satisfying an additional condition as above. Via the standard adjunction,
Likewise, in the case of the cotensor, an element of τ B (X, hom(M, Y )) is equivalent to a map f in τ B (X, hom(M, Y )) such that αf = s p. That hom(M, Y ) is in τ B follows quickly after noting that τ (M, Y ) is in τ B with the projection map sending k → qk( * ) and the section sending b to the constant map on t(b). The map f is equivalent to a map h ∈ τ B (X, τ (M, Y )) such that h followed by evaluation at the basepoint of M is the map s p. Now h is equivalent to a map h in τ B (X × M, Y ) such that h(x)( * ) = s p(x) for all x ∈ X which is finally equivalent to a map M → τ B (X, Y ) sending the basepoint in M to h(x, * ). This is exactly the condition that says the map M → τ B (X, Y ) is actually a pointed map. 2. The category Gτ B is also a topological category. The tensor and cotensor are defined exactly as in τ B , and one must simply note that there are appropriate G-actions on all of the spaces. The pointed space M is considered as a pointed G-space with trivial action, all mapping spaces are considered with actions given by conjugation, and all products have diagonal actions. Finally, all pullbacks and pushouts are taken in the category Gτ . As in the previous case, the basepoints are tedious to track down; however, it is not difficult to track the G-actions through the previous argument to verify that the necessary adjunctions hold. 1. For each i : U → B, the pair (i ! (? × U ), Sec U (?)) is a topological pair. The left adjoint can be viewed as a composite: ? × U : τ * → τ U followed by i ! : τ U → τ B . By rewriting the pieces of the pushout which defines (M × U ) ⊗ N , the functor ? × U can be shown to preserve tensors. That pushout is
As in Example 1, (M × U ) × U (N × U ) is isomorphic to (M × U ) × N , hence to (M × N ) × U . Since ? × U preserves pushouts in τ , the pushout defining (M × U ) ∨ U (N × U ) is isomorphic to the pushout defining (M ∨ N ) × U . This implies that the pushout defining (M × U ) ∧ U (N × U ) can be written as
which gives the desired equality
fibrant by assumption, the unique morphism Z ⊗ I → * is an R α -fibration. Choose a null homotopy of I and recall that by Lemma 9.4 the functor Z⊗? preserves null homotopies while the functor R α preserves null homotopies by Lemma 9.3. Hence Z ⊗ I → * is an R α -weak equivalence as well. Now suppose i is a generating cofibration in C. Then i has the LLP with respect to the map R α (L α (X)⊗I) → * by the previous paragraph with Z = L α (X). Hence, L α (i) has the LLP with respect to L α (X) ⊗ I → * , by adjunction. However, the fact that D is a regular topological category together with the existence of a lift in the diagram
implies that L α (i) is a monomorphism as the first half of a factorization of a monomorphism. Similarly, any relative cell complex in D built from the various L α (i) may be viewed as a sequence of monomorphisms, since the LLP with respect to a class of maps is preserved under building relative cell complexes. Now, the fact that D is assumed to be a regular topological category implies that all objects are small with respect to relative cell complexes built from the L α (i). One proceeds similarly to verify that all objects in D are small with respect to relative cell complexes built from the L α (j), where j varies over the generating acyclic cofibrations of C.
The following argument, due to Quillen [18] , serves to verify the lifting condition of Lemma 8.4 .
Notice that the natural morphism hom(I + , Y ) → hom(S 0 , Y ) is an R α -fibration. This follows from considering the commutative diagram
where the vertical maps are isomorphisms because R α preserves cotensors. The fact that C is a topological model category together with the facts that S 0 → I + is a cofibration in τ * and R α (Y ) is fibrant by assumption, imply that the bottom horizontal map is a fibration.
Next, notice that the morphism X → * is an R α -fibration because each R α preserves the final object and all objects in C are assumed to be fibrant. Thus, if g has the LLP with respect to any R α -fibration then g is the inclusion of a deformation retract. Hence R α (g) is the inclusion of a deformation retract in C.
Finally, since all objects in C are fibrant, the dual of Lemma 9.5 implies that any inclusion of a deformation retract in C is a homotopy equivalence in the model category sense, hence is a weak equivalence. Also, the induced structure on D is topological by definition, since R α commutes with cotensors.
Remark 9.9. There is also a variation of this result which involves a set of adjoint pairs with R α : D → C α .
Of course, it remains to show the categories considered earlier are regular topological categories. Keep in mind that monomorphisms and injections coincide in each of these categories.
Lemma 9.10. For any compact Lie group G, the category Gτ B is a regular topological category.
Proof. Recall the definition of tensors in Gτ B . To see that the map X → X ⊗ I is an injection it suffices to consider each fibre individually, where the map is the injection X b → X b ∧ I in τ * .
Suppose X ∈ Gτ B , then Lemma 1.1.1 in [12] verifies that there exists a cardinal κ with the following property. Given a map in τ , X → Y δ with Y δ the colimit of a sequence of monomorphisms in τ and δ > κ, there exists a factorization X → Y σ → Y δ through an earlier stage of the colimiting system. If X → Y δ is a morphism in Gτ B , one still has a map in τ , g : X → Y σ as above. However, considering underlying sets, Y σ → Y δ a monomorphism in Gτ B implies that g is a morphism in Gτ B as well.
